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BENDING OF CIRCULAR PLATES 
UNDER A UNIFORM LOAD 

ON A CONCENTRIC CIRCLE 

by 

J, C. Heap 

ABSTRACT 

The basic equations of deflection, slope, and moments 
for a thin, flat, c i rcular plate subjected to a uniform load on 
a concentric circle were derived for four generalized cases . 
F rom these generalized cases , six simplified cases were de
duced. The four generalized cases have the uniform load act
ing on a concentric circle of the plate between the inner and 
outer edges, with the following boundary conditions: (1) outer 
edge supported and fixed, inner edge fixed; (2) outer edge 
simply supported, inner edge free; (3) outer edge simply sup
ported, inner edge fixed; and (4) outer edge supported and 
fixed, inner edge free. 

INTRODUCTION 

Analyses of thin, flat, c i rcular plates subjected to bending were e s 
sential in the design and development of experimental equipment for the 
Argonne National Laboratory Zero Gradient Synchrotron. Plate thickness 
was minimized since the absorption of high-energy part ic les depends upon 
the thickness and mater ia l . 

Because there were more supports than necessary to maintain s ta
bility of the plates, the solution of statically indeterminate plates was in
evitable. Removal of redundant support would impair not only the s t ructura l 
integrity of the plates, but also that of affiliated components. Superposition 
is the usual procedure for solving statically indeterminate problems; how
ever, frequently the generalized equations of deflection, moments, or slope 
must be known for the analysis . 

This paper presents four generalized cases for a uniform load acting 
on a concentric c i rc le of a thin, flat, c i rcular plate (schematically depicted 
by Fig. 1), for solving statically indeterminate plates. The four general ized 



c a s e s a r e : (1) ou te r edge suppor ted and fixed, i nne r edge fixed; (2) o u t e r 
edge s imply suppor ted , inner edge f ree ; (3) ou te r edge s imply suppo r t ed , 
inner edge fixed; and (4) ou te r edge suppor ted and fixed, i nne r edge f r e e . 
F r o m these four g e n e r a l i z e d c a s e s , six s impl i f ied c a s e s a r e d e r i v e d . I h e 
f i r s t four s impl i f ied c a s e s have the un i fo rm load along the i nne r p la te 
r a d i u s , and boundary condi t ions complying to the four g e n e r a l i z e d c a s e s . 
The l a s t two c a s e s a r e for a solid plate whe re the ou te r edge condi t ions 
a r e f i xed - suppor t ed and s imply suppor ted . -_...„^. 

Fig. 1 

UNIFORM LOAD ACTING ON A CONCENTRIC 
CIRCLE OF A THIN, FLAT. CIRCULAR PLATE: 

SCHEMATIC DIAGRAM 

A compu te r p r o g r a m was developed for r e s o l v i n g de f l ec t ions and 
m o m e n t s of these ten c a s e s and for a s s i s t i n g in the solut ion for s t a t i c a l l y 
i n d e t e r m i n a t e c i r c u l a r p l a t e s . When only one or two c o m p u t a t i o n s a r e r e 
qu i red , v a r i o u s d i m e n s i o n l e s s t e r m s in the developed equa t ions have been 
computed and tabula ted to simplify deflect ion, momen t , and s lope c a l c u l a t i o n s . 

The c a s e s have been n u m b e r e d VII through XVI s ince th i s i s a con 
t inuat ion of the inves t iga t ion in i t ia ted in Ref. 1. M o r e o v e r , t h i s c o n s e c u t i v e 
number ing of the c a s e s e l i m i n a t e s confusion that could a r i s e be tween the 
d e f l e c t i o n - m o m e n t compu te r p r o g r a m s . 

SYSTEM OF UNITS 

In this p r e s e n t a t i o n , the unit f o r c e - m a s s s y s t e m is u s e d s ince it 
p r o v i d e s a c o m p r o m i s e between the abso lu te and g r a v i t a t i o n a l s y s t e m s 
and is au toma t i ca l l y a se l f -conta in ing r e f e r e n c e s y s t e m , A c o m p r e h e n s i v e 
a n a l y s i s of th is s y s t e m is conta ined in Ref, 2. 



T H E O R E T I C A L D E V E L O P M E N T 

F r o m Ref, 1, 3, o r 4 , the fundamen ta l e q u a t i o n s for thin, flat, c i r 
c u l a r p l a t e s s u b j e c t e d to s y m m e t r i c a l l oads a r e a s fo l lows: (1) The r a d i a l 
a n d t a n g e n t i a l bend ing m o m e n t s p e r uni t l ength a r e 

M . . 0 ( f * v l ) . 

M . . D ( ± . v i i ) : 0 ) 

and (2) the e q u i l i b r i u m equa t ion i s 

dr^ r d r r' d r L r dr ^ ^ ' J D ' 

w h e r e * = - d w / d r and D = E h y i 2 ( l - v ^ ) , 

F r o m F i g , 1, the s h e a r i n g fo rce p e r uni t t a n g e n t i a l l eng th a t any 
r a d i u s for the o u t e r p o r t i o n i s 

V = - ^ . (3) 

27rr 

and for the i n n e r p o r t i o n is 

V = 0. (4) 

S u b s t i t u t i n g t h e s e s h e a r i n g f o r c e s into the e q u i l i b r i u m equa t ion , i n t e g r a t i n g 
t h r i c e , and tak ing the d e r i v a t i o n of the 0 e x p r e s s i o n , one o b t a i n s , for the 
o u t e r p o r t i o n of the p l a t e , d £ r s a, 

dw i> = - -—;- r l n r - — ) + —-r + — ; 
*^ 4 7 T D \ 2 / 2 r 

W w = s ^ r ^ l n r - 1) - — r^ - C^ In r + C3; (5) 
8TrD 4 

ind for the i n n e r p o r t i o n of the p l a t e , b s r £ d, 
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dw 
"dT 

d(t> 

dr 

. — r ^ - C, In r + Ce- (6) 

Upon subs t i tu t ion of the a p p r o p r i a t e p o r t i o n s of E q s . (5) and (6) into 
Eq . (1), the m o m e n t equa t ions b e c o m e , for the ou te r po r t ion , 

^ 47T 

M, 
W 

t " ' 4 T T 

(1 + l ' ) l n r + —(1 - v) 

(1 + l / ) ln r - — ( 1 - v] 

+ D 

+ D 

C, C, 

— (1+ v) +—{l-v) (7) 

and for the inner por t ion 

rc, 
M^ 

M t B[-il,v) + - (1 - . ) J . (8) 

G E N E R A L I Z E D CASES 

The four g e n e r a l i z e d c a s e s p r e s e n t e d in t a b u l a r f o r m ( C a s e s VII 
through X) w e r e d e r i v e d by applying the a p p r o p r i a t e e x p r e s s i o n s tha t fulfill 
the continuity and boundary cond i t ions . The i n t e g r a t i o n c o n s t a n t s w e r e d e 
t e r m i n e d f rom the f i r s t and t h i r d e x p r e s s i o n s o f E q s . ( 5 ) a n d ( 6 ) , and f r o m the 
e x p r e s s i o n of E q s , (7) and (8). The upper r igh t c o r n e r of e a c h t a b u l a t e d c a s e 
shows the continuity condi t ions a n d / o r bounda ry c o n d i t i o n s . 
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CASE 3m 

D»»criptiQ 

lanar edge fixad. 

•d and fixed. 
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Boundary 
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dw 
dr 
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dr 

Continuity 
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dr 

M 

C OTtditiooa 

3 0 Wh«Q T = « 

= 0 whan r = • 

a 0 whan r = b 

C onditiona 

whan r = d 

) innar portion of pUta 

• am* aa oatar portion 

Innar portion of plata, b ^ r ^ d 

Mon^anta 

M . . : ^ ( w v ) l 
r 4ii 

M . ^ 

Slop* 

. - b 

W T 

dr 
l = T - i 1 - ^ 1 - ^ 

1 - ^ l - ^ ..^ii.-.izv-4-;4)'°j-^7il"'j|'»7 b . <» '__ . . • _ , b , - »1 . . • 

max 8irD 

Outar portion ot pUta, d ^ r ^ a 

Monnanta 
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CASE 3 n n 
Outer edge aimply Bupporl 

Inner edge f ree . 

Uniform load on a concent 

cle of plate. 

Boundary Conditiong 

^̂ , = 0 when r = a 

M = 0 when r = a 
r 

M = 0 when r = b 

Continuity Conditiona 

inner port ion of plate 

aame aa outer portion 

Inner portion of plate , b — 
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8.TD 2 I + .. 
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o p e 
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STTD 2 2 , 

b ' 1 1 - v 
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CASE H 

W 

I j 1 

- ^ 1 ^ ' 

bk-

* ^ a — » 

^ 

Daacription 

Outar adga aimply aupportad. 
Innar adga fixed. 
Uniform load on a concaatric 

circle of plat*. 

Boundary 

M 

dw 
dr 

Continuity 

dw 
dr 

M 

Conditiona 
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Conditiona 
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I inner portion of ^ t « 
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Daacription 
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Uniform load an a concentric 
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SIMPLIFIED CASES 

F r o m the four generalized cases , six common, simplified cases 
were readily ascer ta ined. The equations for the first four simplified cases 
were obtained by using the equations for the outer portion of the plate and 
letting d = b. Cases XI, XII, XIII, and XIV were derived from Cases VII, 
VIII, IX, and X, respectively. Using the equations for the inner portion of 
the plate and making r = b = d, enables the inner boundary equations to 
be checked. For Cases XV and XVI, the equations for the inner and outer 
portions were obtained by setting b = 0. Case XV was derived from 
Case VII and then verified by Case X. Case XVI was formulated from 
Case VIII and checked by Case IX. 
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CASE 2 1 D e s c r i p t i o n 

O u t e r e d g e suppor ted and f i x e d . 

Inner e d g e f i xed . 

U n i f o r m load on inner c o n c e n t r i c 

c i r c l e of p la te . 

B o u n d a r y C o n d i t i o n s 

0 w h e n r = a 

0 when r = a 

0 w h e n r = b 

(-1 + {1 + v) Z b I -

a -b 

W 
•'rb = TIT 

+ (1 + v) 
Z . 2 I r i b 

( l - v l b ' , a 

liT^I 7 '"b 

M = vM ; M , 
ta r a tb 

S l o p e 

dw 
d r 4TrD 2 ^2 , 

• a b r b , a 
In - + —T- In — - - - In — 

T 2 b 2 b 

D e f l e c t i o n 

w = 

m a x 

Wai 
8TTD 

Wa 
STTD 
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CASE x n 
Description 

Outer edge simply supported. 

Inner edge free. 

Uniform load on inner concentric 
c i rc le of plate. 

Boundary Conditions 

w = 0 wheni 

0 when r = a 

0 when r = b 

TZ ( 1+ ' 

( l»v) 

(1+v) 

M _ . . . = M., 

2 I t v 

( I t " ) 

, a b , r b a 
,„ _ + _ In - - ^ In -

Hî  
b , a b , r b i 

+ In - + ^ In - • - J In -

Slop« 

2 \r 
. _ t i n - t ^ i n g t — - ^ i n g 

Wa 
8itD IK 

Wa 
nax 8 ITD 1 IHfli- " 

a - b 

, 2 

n (•v)('»i) 

(̂Ĥ (-y NJ 



CASE H E 

.u 

Outer edge aimply aupported. 

Inner edge fixed. 

Uniform load on inner concentric 

.rcle of plate. 

Boundary Conditioi 

0 when r = a 

0 when r = a 

0 when r = b 

l + v 

11^ bi 
l - v ^ 2 

a 

M = M , 

Z] I 2 b I - v / 

i '-MMH^l-^ 

i + v b2 
l - v 2 

H-v b_ 
1- c 2 

f V 1 b ( 1 \ b l + t- , a b a b , r 

[i(.-4)-4.«i] 

tb rb 

dw _ Wr 
dr " " 4ffD \j_v b;; 

1 - I . •*• 2 

N U - vj 2 b 2 b 

1 1(1 
2 \ 2 .2 

Tiax STTD 
l + v b 
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CASE H Z 

Outer edge aupported and fixed. 

Inner edge free. 

Uniform load on inner concentni 
c ircle of plate. 

Boundary Conditiona 

w = 0 when r 

— = 0 when r 
dr 

M ' 0 whan r 

• I - V 1 f; -1 1 / , b M , a /l + v) b \ r b^ , a 

JL- 11 ' ( ' ^ ' I ( 1 . 4 1 . 4 toM ( M . . i m u . T , . b . n . / b < 2 . 6 ; . • 0. Jl 

t 4ii l - i . b ^ 
\^v 2 

r|f-iT;-(r̂ 4 4 - - - N 4 . " ^ ^ l l 

-" - 'I 

+ w * 2 

i j . k _ . i „ i (Maximum when a / b > 2 . 6 . »> - 0.3) 

dw Wr 
dr • 4iiD 

Deflection 

w.' 
" " SwD 

- I 

l -w b ' 
W V * 2 

r 1 
. - . b ' 

(^)(4-4)'N'"-4 ."̂ 4."i] 

i('-411fHHf^4]-[^4MH^l^l^^^|4^^^^ ' 4 K I - I ) 

+ w * 2 
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CASE 22: 

Inner portion of plate Q<Cr<^d 

MomentB 

M = M ^ M , = M _ 

Description 

Outer edge si 

Solid Plate. 

circle of plate. 

a 2 
^ d " 2 • " T 

and fixed. 

ncentric 

Boundary Conditions 

w 

dw 
dr 

dw 
dr 

Continuity 

w • 

dw 
dr 

M 
r 

= 0 when r = a 

= 0 when r = a 

= 0 when r = 0 

Conditions 

when r = d 

inner portion of plate 

same as outer portion 

{Maximum when a/d>3.13; V = 0,3) 

a . / , 

^ + -T In 

Outer portion of plate 

Moments 

(Maximum when a / d < 3 . 1 J; V = 0.3) 

Wa 
SnD 

^ 2 \ 21 
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CASE 23ZI 
O u t e r edge s i m p l y s u p p o r t e d . 

Solid p l a t e . 

Un i fo rm load on a c o n c e n t r i c c i r c l e 

B o u n d a r y C o n d i t i o n s 

w = 0 when r ^ a 

M - 0 when r = a 

Cont inu i ty Cond i t i ons 

w ^ when r = d 

s a m e a s o u t e r p o r t i o n 

I n n e r p o r t i o n of p la te 0 -

M o m e n t s 

^.'^^''-'^Mfeil'-^h'-o 
Slope 

1 !_' 
2 1 + v 

1 - ^ t i n 

STTD \ 2 ' 

Wa 
8TTD 2 1 . 

r 
?. 

a . 

d ' 

? 

' 2 

I n i 

O u t e r p o r t i o n of p l a t e d — r— a 

M o m e n t s 

M . = : ^ ( i + v | 

w ( ! • ' • ) 

1 
2 

I 
2 

m 
ifei 

(fS 
{'•< 

+ l n i 

S- I n i 

( 1 - v ) 1 -

S lope 

dw fHll '-^ 

Wa; 
STTD l + v |1 + W 2 

^\'M.n 
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DESIGN CONSIDERATIONS 

Normally, either the maximum bending moment or the maximum 
deflection establishes the design cr i ter ia for thin, flat, c i rcular plates. The 
maximum deflection can be expressed by a formula of the type 

wmax = WaVEh^ (9) 

The maximum bending moment can be represented by the expression 

Mmax = kj^W, (10) 

where "maximum" denotes magnitude only, or maximum absolute value. 

Since the absolute maximum bending moment determines the maxi
mum unit s t resses , its location and magnitude must be known. Because of 
the complexity of the moment equations for the four generalized cases and 
the dependency of Poisson's ratio upon the mater ia l and other paramete rs , 
only the absolute maximum bending moment of Case VIII could be established 
by studying the derived equations for any combinations of a/b and d/b or 
a/d ratios and Poisson's ratio. The maximum bending moments for Cases XI, 
XII, XIII, and XVI, the four simplified cases having any Poisson 's ratio and 
a/b or a/d ratio, were resolved by examining the equations. Theoretically, 
Poisson's ratio has a value from zero to one-half; e.g., for mater ia l s like 
paraffin and rubber,the ratios are almost one-half; for cork, the ratio is 
approximately zero. Poisson's ratio was taken to be 0.3, as is normally done, 
and the maximum bending moment and its location were determined for 
simplified Cases XIV and XV. 

Table I contains various te rms in the derived monnent, slope, and 
deflection fornnulas to facilitate computations. 

To eliminate numerous laborious hand connputations, a computer 
program was developed. This Argonne National Laboratory program 
2117/PAD146 computes and tabulates the deflection constants, the radial 
moment per load, and the tangential moment per load at predetermined r / b 
or r / d ratios, and for any given combination of values for v and rat ios 
a/b and d/b or a/d. For Cases VII through XIV, the tabulated values of 
r / b range from one to the selected value of a/b, in increments of 0.1. 
Also, Cases Vll through X include r / b = d/b. For Cases XV and XVI, r / d 
varies from zero to the selected value of a/d, also in increments of 0.1. 

To acquire a better insight into the bending moments of these ten 
cases, especially the four generalized cases , numerical data for the radial 
and tangential moments divided by the load, plus the deflection constant, 
were ascertained with the aforementioned program. The following data 



TABLX I 

COMPUTATION TERMS 

b 

1. 0 

, ' g 

i . 9 

,' . i . l 

1.4 

1 6 
• -

) fl 
) . 9 

4. 0 

i 

1. OOOOO 
0.82b45 

0,69444 
0.5917Z 
0.S1020 

0.44444 
0. 39061 
0. S46DZ 
0.10864 
0.27701 

0.Z5000 
0.22676 
0. 20661 
0.18904 
0. 1T161 

0. 16000 
0, 14793 

0. 12745 
0. 11891 

0. I l l 1 1 
0. 104 06 
0.09T66 
0. 0918) 
0.08651 

0. 08163 

0 07 305 
0.06925 
0.065T5 

0, 06250 

I 

0.00000 
0.17355 

0.)0556 
0.40828 
0.48980 

0.55556 
0.60937 
0,65)98 
0.69136 
0.72299 

0,75000 
0.77524 
0. 79339 
0.81096 
0.82639 

0.S400D 
0.85207 
0.8628) 
0.87245 
0.88109 

0.8S889 
0.B9594 
0.90234 
0.90817 
0.91349 

0.91837 
0.92284 
0.92695 
0.91075 
0.93425 

0,93750 

"7 

2.00000 
1,82645 
1,69444 
1.59172 
1.51020 

1,44444 
1. 39063 
1.34602 
1.30864 
1.27701 

1.25000 
1.226T6 
1.20661 
1.18904 
1. 17361 

1.16000 
1.14793 
1. 1)717 
1. 12755 
1.11891 

1. l l l l l 
1.10406 
1.097 66 
1.09183 
1.0S65I 

1.08163 
1.07716 
1.07505 
1.0692 5 
1.06575 

1.06^50 

b ' 

. ' . b ' 

no 
4.76190 
2.27 273 
1.44928 
1.04167 

0.80000 
0.64103 
0.52910 
0.4464 3 
0.18)14 

0.)5533 
0.29326 
0.26042 
0,23310 
0.21008 

0, 19048 
0. 17561 
0. 15898 
0. 14620 
0. 1)495 

0. 12500 
0. 11614 
0. 10823 
0. l O I I I 
0.09470 

0.08869 
0.08161 
0.07880 
0.07440 
0.070)7 

0.06667 

2 

5,76190 
3. 27273 
2.44928 
2.04167 

1.80000 
1.64103 
1.52910 
1.44645 
1. 38314 

1,553)3 
1.29326 
1.26042 
1.25510 
1. 21008 

1. 19048 
1. 17)61 
1. 15898 
1. 14620 
1. 1)495 

1. 12500 
1. 11614 
1. 10821 
1.10111 
1.09470 

1,01889 
1.08361 
1.07880 
1.07440 
1.07037 

1.0666T 

'"E 

0.00000 
0.0955) 
0, 18232 
0.26256 
0. 33647 

0,40547 
0.47000 
0,53063 
0,58779 
0,64185 

0.69315 
0.74194 
0.78846 
0.83291 
0.87547 

0.91629 
0.95551 
0.99)25 
1.02962 
1.064 7 1 

1.09861 
1. 13140 
1. 16)15 
1.19)92 
1.22)78 

1.25276 
1.28093 
1. 3081) 
1.15500 
1.16098 

1.38629 

H\ 

0.00000 
0.00908 
0.03324 
0.06881 
0.11321 

0. 16441 
0.22090 
0.28157 
0.14550 
0.41197 

0,48046 
0,55047 
0.62167 
0.69374 
0.76645 

0,83959 
0,91100 
0.98655 
1.06012 
1.13361 

1.20694 
1.28007 
1.35292 
1.42544 
I . 497 64 

1.56941 
1,64078 
1.71171 
1,78221 
1.85227 

i 1.92180 

I n i - 1 

• 1.00000 
-D.90469 
-0.81768 
-0.73764 
-0.66353 

-0.59453 
• 0.53000 
-0.46917 
-0,41221 
-0.35815 

•0,50685 
-0,25806 
•0.21154 
-0.16T09 
-0.12451 

•0 .08)71 
-0.04449 
-0,00675 
0.02962 
0.06471 

0.09861 
0. 11140 
0.16115 
0.19)92 
0.22378 

0.25276 
0.2809) 
0.30833 
0,11500 
0.)6098 

0. 38629 

• • s - ' f 

1.OOOOO 
0.81846 
0.66860 
0.54411 
0.44027 

0.55)47 
0.28090 
0. 22051 
0.16992 
0. I2S27 

0.09416 
0.06659 
0-0447 5 
0,02792 
0.01551 

0.00701 
0.00198 
0.00005 
0.00088 
0.00419 

0.0097Z 
0 . 0 l 7 i 7 
0.02662 
0.01760 
0.05008 

0.06)89 
0.07892 
0.09507 
0. 11223 
0. 13011 

0. 14922 

4('-ii 

0. OOOOO 
0.07877 
0.12661 
0. 15524 
0. 17167 

0.18021 
0.18)60 
0.18561 
0. 18142 
0, 17780 

0.17329 
0,16824 
0.16290 
0. 15745 
0.15199 

0.14661 
0.14135 
0. 13624 
0. 11115 
0, 12660 

0. 12207 
0. U 7 7 1 
0,11559 
0.10964 
0.10587 

0,10226 
0,09884 
0,09557 
0.09245 
0, 08948 

0.08664 

..2 2 

D.OOOOO 
0.00750 
0.02508 
0.04073 
0.05776 

0. 07 307 
0.08629 
0,09743 
0,10664 
0. 11412 

0.12012 
0. 12482 
0.12844 
0,15114 
0. 11)06 

0. 13433 
0.15506 
0,13533 
0.13522 
0.11480 

0. 15410 
0.15)20 
0. 13211 
0. 1)090 
0.12956 

0.1281 1 
0, 12660 
0. 12800 
0.12342 
0.12179 

0.12011 

-.4) ..J 
• / 

0.00000 
0. 17408 
0.50893 
0.41760 
0.50814 

0. 58568 
0,65560 
0.71424 
0.76921 
0.81965 

0.86644 
0.91018 
0.95116 
0.99016 
1.02746 

1.06290 
1.09686 
1. 12949 
1.16095 
1. 19131 

1.22068 
1.24911 
1.27674 
1.30)56 
1.12965 

1.35502 
I . 37977 
1.40390 
1.42745 
1.45046 

1.47293 

-^^H\ 

0,50000 
0,45386 
0.41436 
0.38023 
0.35049 

0.12458 
0,50128 
0- 28076 
0.26241 
0.24592 

0,25105 
0.21758 
0.20535 
0.19415 
0.18392 

0. 17453 
0. 16589 
0.15791 
0, 1505) 
0.14569 

D. 137)5 
0.13141 
0. 12588 
0. 1207 2 
0. 11589 

0. 11156 
0. 10710 
0 , l O l l O 
0.09933 
0.09578 

0,04242 

2 2 1'° h' 

0.00000 
0.04524 
0.07555 
0.09975 
0. 11791 

0. 11153 

0. 14160 
0. 14898 
0. 15424 
0. 15T84 

0.16015 
0.1614) 
0. 16189 
0. 16171 
0. 16102 

0.15992 

0.15851 
0.15684 
0, 15499 
0.15296 

0.15087 
0,14867 
0. 14642 
0,1441) 
0.14182 

0. 11950 
0.11719 
0. 1)489 
0 .1)261 
0.110)5 

0 .128 IJ 

-A I-si 
a -b 

0.50000 
0.54917 
0.59668 
0.64259 
0.68696 

0.72985 

0.77128 
0.81139 
0.85020 
0.88777 

0.92420 
0.95952 
0. 99)79 
1.02706 
1.05919 

I.090B2 

1. 12140 
1. 151 16 
1. 18015 
1. 20819 

1.21594 
1.26280 
1.28904 
1. ) I464 
1.33967 

1.36412 
1.3880) 
1.41143 
1.4)4)2 
1.4567 5 

1,47871 

* -b 

0.OOOOO 

0.052)2 
0.10S79 
0.16858 
0.2)114 

0.29594 
0.36250 
0.4)055 
0.49974 

0.56981 

0.64061 

0.71190 
0.78)57 
0.85545 
0.92747 

0.99952 

1.07151 
I . 14)19 
1.21511 
1.28659 

1.15781 

1.42874 
1.49915 
1.56957 
1.6)947 

1.70891 

1.77797 
1.84661 
1.91485 
1,98261 

2,04 99) 
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w e r e used: (1) P o i s s o n ' s r a t i o equa l s 0.3 for a l l c a s e s ; (2) a / b for C a s e s VII 
t h rough XIV, and a / d for C a s e s XV and XVI, r a n g e f r o m 1.5 t h r o u g h 4 .0 , in 
i n t e r v a l s of 0,5; and (3) the un i fo rm load on a c o n c e n t r i c c i r c l e for the four 
g e n e r a l i z e d c a s e s i s equal ly pos i t ioned a t two l o c a t i o n s b e t w e e n the i n n e r 
and ou te r p la te r a d i i i , e . , the t h i r d d i s t a n c e of d = b + (^ - b ) / 3 o r d / b = 
( a / b + 2 ) / 3 , and d = b + (2/3)(a - b) or d / b = ( 2 a / b + l ) / 3 . 

N u m e r i c a l va lue s of the m a x i m u m def lec t ion c o n s t a n t and m a x i m u m 
bending m o m e n t pe r load a r e t abu la t ed in Tab le II us ing the s t i p u l a t i o n s of 
the p r e c e d i n g p a r a g r a p h . F i g u r e s 2, 3, 4, and 5 dep ic t the bending m o m e n t s 
p e r load for the g e n e r a l i z e d c a s e s for a / b r a t i o s of 2 .0 , 3.0, and 4 .0 . The 
b e n d i n g - m o m e n t s - p e r - l o a d d i a g r a m s for the six s imp l i f i ed c a s e s a r e i l l u s 
t r a t e d by F i g s . 6 th rough 11. 

The following s t a t e m e n t s can be m a d e for the m a x i m u m bending 
m o m e n t and i t s loca t ion , with the a f o r e m e n t i o n e d p r e s c r i b e d c r i t e r i a : 

C a s e VII. Mj.^ h a s the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tud ied . 

C a s e Vll l . Mj.^ has the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tud ied . 

C a s e IX. Mj-î  has the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tudied . 

C a s e X. Mj.3^ has the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tudied . 

C a s e XI. Mj.j_, h a s the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tudied, a s p r e d i c t e d f rom equat ion s tudy. 

C a s e XII. Mjv has the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tudied, as p r e d i c t e d f rom equat ion s tudy. 

C a s e XIII. Mj-b has the m a x i m u m bending m o m e n t for a l l r a t i o s 
s tudied, as p r e d i c t e d f rom equat ion s tudy. 

C a s e XIV. The m a x i m u m bending m o m e n t m u s t be e s t a b l i s h e d 
a c c o r d i n g to spec i f i c a t i ons . Mj-a h a s the m a x i m u m bending m o m e n t f rom 
a / b = 1.5 th rough 2.5, and then Mtb h a s the m a x i m u m bending m o m e n t f rom 
3.0 th rough 4 .0 . The t r a n s i t i o n a / b r a t i o i s a p p r o x i m a t e l y 2 ,6 . 

Case XV. The m a x i m u m bending m o m e n t m u s t be d e t e r m i n e d 
a c c o r d i n g to s p e c i f i c a t i o n s . M r a has the m a x i m u m bend ing m o m e n t f r o m 
1.5 t h rough 3.0, and then the c o n s t a n t m o m e n t s of the i n n e r p o r t i o n of the 
p la te (Mr = Mt = M rd = Mtd) p r e d o m i n a t e f r o m 3,5 t h r o u g h 4 ,0 . The t r a n s i 
t ion a / b r a t i o is a p p r o x i m a t e l y 3,13, 

Case XVI, M o m e n t s of the i nne r p o r t i o n of the p l a t e w e r e m a x i m u m , 
cons tan t , and equ iva len t for a l l r a t i o s a s p r e d i c t e d f r o m equa t ion s tudy . 



MAXIMUM D E F L E C T I O N AND MOMENT CONSTANTS WHERE v - 0. 3 

a / b 

1, 5 

2.0 

2.5 

3.0 

3. 5 

4 .0 

d a/b + 2 
b 3 

d 2 a / b + l 
b 3 

1. 167 
1.333 

1.333 
1.667 

1.500 
2, 000 

1.667 
2. 333 

1.833 
2.667 

2.000 
3.000 

a / d 

1.286 
1. 125 

1. 500 
1,200 

1.667 
1.250 

1.800 
1.286 

1.909 
1,313 

2. 000 
1.333 

Case VI I 

'^d 

0,0046 
0,0015 

0.0168 
0.0054 

0.0302 
0.0096 

0.0425 
0.0134 

0.0531 
0,0165 

0.0621 
0.0192 

k 
m 

-0.0246 
-0,0151 

-0.0374 
-0,0228 

-0.0451 
-0.0273 

-0.0502 
-0.0304 

-0.0537 
-0.0325 

-0.0563 
-0.0341 

Case v m 

" d 

0.3391 
0,1665 

0,4350 
0,2122 

0,4655 
0.2266 

0.4740 
0.2311 

0,4744 
0.2319 

0.4718 
0.2314 

k 

0.1332 
0.0649 

0.1531 
0.0730 

0.1683 
0.0788 

0.1801 
0.0833 

0.1897 
0.0867 

0, 197 5 
0.0895 

Case IX 

• 'd 

0.0209 
0.0115 

0.0727 
0.0394 

0.1257 
0.0674 

0.1707 
0.0909 

0. 2074 
0.1099 

0.2364 
0. 1250 

k 
m 

0.0459 
0.0224 

0.0779 
0.0371 

0.1001 
0.0469 

0.1162 
0.0537 

0.1284 
0,0587 

0.1378 
0,0624 

Case X 

•̂ d 

0,0121 
0.0033 

0.0397 
0.0108 

0.0647 
0.0174 

0.0832 
0.0224 

0.0963 
0.0260 

0. 1054 
0.0286 

k 
m 

-0.0353 
-0.0176 

-0.0507 
-0.0258 

-0.0579 
-0.0302 

-0.0616 
-0.0329 

-0.0637 
-0.0347 

-0.0650 
-0.0360 

» / b 

1.5 

2 . 0 

Z . 5 

J .O 

3 . 5 

4 . 0 

Caae X I 

" d 

0.0064 

0,0238 

0.0435 

0.0620 

0.0783 

0.0923 

k 
n i 

0.0366 

0.0675 

0.0940 

0.1171 

0.1375 

0.1558 

Case XU 

' ' d 

0.5186 

0,6721 

0,7213 

0.7337 

0.7316 

0.7238 

k 
n i 

0.2067 

0.2469 

0,2814 

0.3114 

0.3379 

0.3617 

Case XUl 

^ 
0.0249 

0,0877 

0. 1530 

0.2095 

0,2559 

0.2938 

k 
m 

0, 07 13 

0.1256 

0,1674 

0.2009 

0.2559 

0.2523 

Case XIV 

•̂ d 

0.0241 

0,0810 

0.1333 

0. 1721 

0. 1990 

0.2172 

k 
m 

-0.0534 

-0.0757 

-0.0849 

0.1122 

0.1426 

0.1701 

Caa 

^ 
0, 0424 

0.0876 

0.1188 

0. 1401 

0.1551 

0.1660 

e XV 

k 
n i 

-0.0442 

-0.0597 

-0,0669 

-0.0707 

0.0821 
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STATICALLY I N D E T E R M I N A T E CIRCULAR P L A T E S 

The d e r i v e d equa t ions will now be app l ied to solving s t a t i c a l l y i n d e 
t e r m i n a t e , thin, flat, c i r c u l a r p l a t e s sub jec ted to v a r i o u s l o a d i n g s . 

N u m e r i c a l E x a m p l e 1 

The s t r u c t u r a l i n t eg r i ty of the coppe r d i a p h r a g m shown by F i g . 12 
is to be d e t e r m i n e d . The following c r i t e r i a apply: ou t e r p la te and load 
r a d i u s , a = 4.00 in.; inner pla te and load r a d i u s , b = 2.00 in.; p la te t h i ck -

h = 0.125 in.; cons t an t fo rce , P = 324 Ibf; m a x i m u m p e r m i s s i b l e 
modu lus of e l a s t i c i t y , E = 15.0 x 10 Ibf/ n e s s 

uni t s t r e s s 6,000 Ibf/ in . 
..^; and P o i s s o n ' s r a t i o , V - 0 .33. 

STATICALLY INDETERMINATE DIAPHRAGM SUBJECTED 
TO A SYMMETR ICAL VAR lABLE LOAD 

Since the r e q u i r e d def lect ion f o r m u l a s a r e known, the method of 
supe rpos i t i on is u sed to obtain the r edundan t r e a c t i o n , R, a t the inner 
r a d i u s . The def lec t ion at the r edundan t suppo r t be ing z e r o , it is p o s s i b l e 
to wr i t e 

w(va r i ab le load) - w( redundan t load) . (11) 

If the m a x i m u m def lect ion f o r m u l a s of Case 1, Ref. 1, and C a s e XI of this 
p a p e r a r e subs t i tu ted in Eq. (11), the r e s u l t is 

( • » ! • • ) 
2b" HI 

i{'-iJ)-AK) 
k^(va r i ab l e load) 

k j ( r e d u n d a n t load) (12) 

w h e r e the k ^ ' s a r e m a x i m u m def lec t ion c o n s t a n t s a v a i l a b l e f rom Refs . 1,3, 
4 , 5 , and this p a p e r , or a r e obta ined f rom the p r o g r a m in th is p a p e r and 



in Ref. 1. Usage of kd from published tables is permissible in this case 
since the D's cancel and V normally taken as 0.3, is absent from remainder 
of the deflection equations. Using the aforementioned programs . 

324 
0.05538 
0.02327 771 Ibf, (13) 

The maximum bending moment for the redundant load occurs at the 
inner radius, while the maximum bending moment for the variable load 
occurs at the outer radius for a /b = 2.0, per Ref. 1. Therefore, nnoments 
at the inner radius and outer radius must be computed. By superposition, 
the moment express ions and nunrierical values at the inner radius and outer 
radius become, respectively. 

and 

^:M. , ^ 1 ^ 1 . '^ 
3.' - h'-

[(•4)" -•4]} 
_R 

" 2 T T 

1 a^ a 
2 . 2 , 2 b 

a' - b 

ZMj-b = -17.0 in , - lb^/ in . ; (14) 
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2M,. 

SMra 

"4 _R 
'271 

— -F Ir 
2 a^ - b^ 

9.8 in.-lbf/ in. (15) 

From these computations, the maximum unit s t r e s s occurs at the inner 
radius; thus, 

bJM. rb _ ^ 6(-17.0) 
^rb h^ (0.125)^ 

± 6,530 Ibf/in.^ (16) 

The imposed unit s t r e s s cr i te r ion has not been met; hence, the design must 
be revamped before the analysis is continued. 



Numerical Example 2 

Determine the uniform plate thickness, the radial and tangential 
bending moment diagrams, the maximum unit bending s t ress of the 
symmetrically loaded, statically-indeterminate, c ircular aluminum plate 
illustrated by Fig. 13. Specifications are: outer plate and load radius, 
a = 61.2 cm; redundant support radius, d = 40.8 cm; inner plate and load 
radius, b = 24,0 cm; maximum permissible deflection at inner plate radius, 
^max = °-°^ '^^- variable load constant, P = 147 kgf; inner circular edge 
load,' 'w = 1,430 kgf; modulus of elasticity, E = 70.3 x 10"* kgf/cm^ and 
Poisson's ratio, V = 0,3. 

STATICALLY INDETERMINATE CIRCULAR PLATt SUBJECTED TO 
SYMMETRICAL VARIABLE LOAD AND UNIFORM INNER EDGE LOAD 

To determine the redundant reaction at radius d, the method of 
superposition is used again; i.e., the deflection at this support is zero. 
Mathematically, 

2w(j = 0 = w(variable load) + w(inner load) - w(redundant load) 

P a ' k(j(variable load) + kjj(inner load) 
Eh^ Eh^ 

-kj(redundant load) Ra/ 

Eh^ 
(17) 

where the k^j's are deflection constants at d to be determined. If a hand 
computer or the programs mentioned in Ref. 1 and this paper a re used, the 
following constants are obtained from the appropriate equations of Cases III, 
XIII, and IX: 

kd(variable load) = 0.45998; kd(inner load) = 0.11126; 

kj(redundant load) = 0.08287; (18) 
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where a /b = 2.55, a/d = 1.5, and d/b = 1.70. Hence, Eq. (17) becomes 

0 = 0,45998(147) -F 0.11126(1430) - 0.08287R, (19) 

from which, 

R = 2736 kgf. (20) 

The required plate thickness can now be determined; i.e., 

^ ^ m a x ~ W]-na.x(''^'^i^tils load) -I- Wma^x(i'̂ " '̂̂  load) 

-w ., (redundant load) 

, Pa^ , _,, Wa^ 
= k (variable load) + k (inner load) 

max> ^^3 max^ ^^^3 

Ra^ 
-k,^a^^(redundant load) , (21) 

Eh^ 
where the k ^ a x ' s refer to the maximum deflection constants of the cases 
used. F rom the program resul t s , or by hand computation, 

kmax(variable load) = 0.63442; kmax(inner load) = 0.15914; 

kmax(redundant load) = 0.1126. (22) 

If the proper values a re inserted in Eq. (21), and the equation is solved for 
plate thickness, the resul t is 

h =1 ( H i l l ! [0.63442(147) + 0.15914(1430) - 0.11 1 26(2736)][ 
I 0.08(70.3 x 10") J 

= [1.0937]'^^ = 1.030 cm. (23) 

The radial and tangential moments a re ascer ta ined by superposition; 
viz., 

SMr = Mj.(variable load) + Mr(inner load) - Mi.(redundant load) 

= kj.(variable load) P + kj.(inner load) W - kr(redundant load) R; 

DMt = Mt(variable load) + Mt(inner load) - Mt(redundant load) 

= kt(variable load) P + k(-(inner load) W - kt(redundant load) R. 

(24) 

Figure 14 depicts the superpositioning of the moments . 

/ 3 
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Fig. 14 

BENDING MOMENT DIAGRAM, NUMERICAL EXAMPLE 2 

From Fig. 14, the maximum unit s t ress at the inner radius becomes 

^rb 
^^Mj.b 6(99.7) , , , , / 

± = + = ±564 kgf /c 
h^ (1.030)^ 

(25) 

DISCUSSION OF GENERALIZED CASES 

Cases VIII and X of the four generalized cases are partially de
picted in Ref. 5 as Cases 59 and 60. When the ascertained edge moment 
equations of Cases VIII and X were converted to unit s t ress expressions. 

6Mt/h^ 6Mr equations analogous to those in Ref. 5 were 
obtained, with the exception of signs. However, upon transformation, the 
maximum-deflection expressions did not concur. Because of these 
maximum-deflection discrepancies, extensive checking was performed. 

The original derivations of the four generalized cases were attained 
by solving the moment equations and/or the integrated equations of the 
equilibrium equation with the imposed boundary and continuity conditions 
for the six unknown constants. Since agreement with Ref. 5 could not be 
achieved, these four cases were completely rechecked by the ANL Applied 
Mathematics Division to check the validity of the mathematics. As a further 
check, the author employed superposition by using derived slope and deflec
tion formulas having uniform moments along the inner and outer edges in 
combination with one of the generalized cases to obtain another case. 

The author of Ref. 5 has indicated that the deflection formulas of 
Cases 59 and 60 should be modified. Modifications will be incorporated 
in later editions of Ref. 5. 
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